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Abstract 

This work deals with backward stochastic differential equation (BSDE) with random 
marked jumps, and their applications to default risk. We show that these BSDEs are 
linked with Brownian BSDEs through the decomposition of processes with respect to 
the progressive enlargement of filtrations. We prove that the equations have solutions if 
the associated Brownian BSDEs have solutions. We also provide a uniqueness theorem 
for BSDEs with jumps by giving a comparison theorem based on the comparison for 
Brownian BSDEs. We give in particular some results for quadratic BSDEs. As appli- 
cations, we study the pricing and the hedging of a European option in a market with 
a single jump, and the utility maximization problem in an incomplete market with a 
finite number of jumps. 
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1 Introduction 

In recent years, credit risk has come out to be one of most fundamental financial risk. The 
most extensively studied form of credit risk is the default risk. Many people, such as Bi- 
elecki, Jarrow, Jeanblanc, Pham, Rutkowski ([3l HI [T7\ \18\ \21\ I29|) and many others, have 
worked on this subject. In several papers (see for example Ankirchner et al. [1], Bielecki 
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and Jeanblanc [5] and Lim and Quenez [23]), related to this topic, backward stochastic 
differential equations (BSDEs) with jumps have appeared. Unfortunately, the results rel- 
ative to these latter BSDEs are far from being as numerous as for Brownian BSDEs. In 
particular, there is not any general result on the existence and the uniqueness of solution 
to quadratic BSDEs, except Ankirchner et al. [T], in which the assumptions on the driver 
are strong. In this paper, we study BSDEs with random marked jumps and apply the 
obtained results to mathematical finance where these jumps can be interpreted as default 
times. We give a general existence and uniqueness result for the solutions to these BSDEs, 
in particular we enlarge the result given by [1] for quadratic BSDEs. 

A standard approach of credit risk modeling is based on the powerful technique of 
filtration enlargement, by making the distinction between the filtration F generated by the 
Brownian motion, and its smallest extension G that turns default times into G-stopping 
times. This kind of filtration enlargement has been referred to as progressive enlargement of 
filtrations. This field is a traditional subject in probability theory initiated by fundamental 
works of the French school in the 80s, see e.g. Jeulin [T2], Jeulin and Yor |2Uj . and Jacod 
[16| . For an overview of applications of progressive enlargement of filtrations on credit risk, 
we refer to the books of Duffie and Singleton [12], of Bielecki and Rutkowski [3], or the 
lectures notes of Bielecki et al. [3] . 

The purpose of this paper is to combine results on Brownian BSDEs and results on 
progressive enlargement of filtrations in view of providing existence and uniqueness of solu- 
tions to BSDEs with random marked jumps. We consider a progressive enlargement with 
multiple random times and associated marks. These marks can represent for example the 
name of the firm which defaults or the jump sizes of asset values. 

Our approach consists in using the recent results of Pham [29] on the decomposition of 
predictable processes with respect to the progressive enlargement of filtrations to decompose 
a BSDE with random marked jumps into a sequence of Brownian BSDEs. By combining 
the solutions of Brownian BSDEs, we obtain a solution to the BSDE with random marked 
times. This method allows to get a general existence theorem. In particular, we get an 
existence result for quadratic BSDEs which is more general than the result of Ankirchner 
et al [1]. This decomposition approach also allows to obtain a uniqueness theorem under 
Assumption (H) i.e. any F-martingale remains a G-martingale. We first set a general 
comparison theorem for BSDEs with jumps based on comparison theorems for Brownian 
BSDEs. Using this theorem, we prove, in particular, the uniqueness for quadratic BSDEs 
with a concave generator w.r.t. z. 

We illustrate our methodology with two financial applications in default risk man- 
agement: the pricing and the hedging of a European option, and the problem of utility 
maximization in an incomplete market. A similar problem (without marks) has recently 
been considered in Ankirchner et al. [1] and Lim and Quenez |24j . 

The paper is organized as follows. The next section presents the general framework 
of progressive enlargement of filtrations with successive random times and marks, and 
states the decomposition result for G-predictable and specific G-progressively measurable 
processes. In Section 3, we use this decomposition to make a link between Brownian BSDEs 
and BSDEs with random marked jumps. This allows to give a general existence result under 
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a density assumption. We then give two examples: quadratic BSDEs with marked jumps 
for the first one, and linear BSDEs arising in the pricing and hedging problem of a European 
option in a market with a single jump for the second one. In Section 4, we give a general 
comparison theorem for BSDEs and we use this result to give a uniqueness theorem for 
quadratic BSDEs. Finally, in Section 5, we apply our existence and uniqueness results to 
solve the exponential utility maximization problem in an incomplete market with a finite 
number of marked jumps. 

2 Progressive enlargement of filtrations with successive ran- 
dom times and marks 

We fix a probability space {Q,Q,¥), and we start with a reference filtration F = {J-t)t>o 
satisfying the usual condition^ and generated by a d-dimensional Brownian motion W . 
Throughout the sequel, we consider a finite sequence {Tk,Ck)i<k<n, where 

— {Tk)i<k<n is a nondecreasing sequence of random times (i.e. nonnegative ^-random 
variables) , 

— (Cfc)i<fc<n is a sequence of random marks valued in some Borel subset E of M™. 

We denote by fi the random measure associated with the sequence (r^, Cfc)i<fc<n '■ 

n 

/x([0,t]xB) = J2^{r,<t,<:,eB} , t>0,BeB{E). 

k=l 

For each k = l,...,n, we consider B'^ = {'D^)t>o the smallest filtration for which 
Tk is a stopping time and Cfc is P:^^ -measurable. is then given by = a{lr,<s,s < 
t)Va{Ck^rk<s, s < t). The global information is then defined by the progressive enlargement 
*G = {Qt)t>o of the initial filtration F where G is the smallest right-continuous filtration 
containing F, and such that for each k = l,...,n, is a G-stopping time, and Cfc is 
t/T-fc -measurable. G is given by Qt = Qt+ > where Qt = J^t T^t ■ ■ ■ T^t foi' ^-ii t > 0. 

We denote by A^, the set where the random fc-tuple (ri,...,Tfc) takes its values in 
{r„ < oo}: 

Afc := {{6i,...,ek)^{^+f : ei<...<ek], l<k<n. 
We introduce some notations used throughout the paper: 

— ^(F) (resp. V{G)) is the cr-algebra of F (resp. G)-predictable measurable subsets 
of X ]R_|., i.e. the cr-algebra generated by the left-continuous F (resp. G)-adapted 
processes. 

— VM.{¥) (resp. VM{G)) is the fj-algebra of F (resp. G)-progressively measurable 
subsets of X 

^J-Q contains the P-null sets and F is right continuous: Ft = ~ HaytJ-s- 
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- For k = l,...,n, VM.{¥,A.k,E^) is the c-algebra generated by processes X from 
M+ X O X Afc X to M such that (Xt(.))te[o,s] is ® S([0,s]) ® B{Ak) «) B{E'')- 
measurable, for ah s > 0. 

- For 9 = {01, ... , On) G A„ and e = (ei, . . . , e„) G E^, we denote by 

^(fc) = {^i,---,^k) and e(fc) = (ei,...,efc), 1 < A; < n . 
We also denote by r(fc) for (ri, . . . , r^) and Qfc) for (Ci, • • • , Cfc)) foi" all A; = 1, . . . , n. 

The following result provides the basic decomposition of predictable and progressive 
processes with respect to this progressive enlargement of filtrations. 

Lemma 2.1. (i) Any 7^(0) -measurable process X = {Xt)t>o is represented as 

n-1 

Xt = X°li<ri + ^Xf(T(fc),C(fc))lTfc<t<Tfc+i +^r(7"(n),C(n))lr„<t , (2.1) 
k=l 

for all t > 0, where X° is V{¥) -measurable and X^ is P(F) ® B{Ak) ® BiE'^)- 
measurable for k = 1, . . . ,n. 

(a) Any cdd-ldg VM.{G) -measurable process X = {Xt)t>o of the form 

Xt = Jt+ [ f Us{e)fi{de,ds) , t>0, 
Jo Je 

where J is V{G) -measurable and U is V{G) (S> B{E) -measurable, is represented as 

n-1 

Xt = Xi°lt<^^ + ^X|^(r(fc),C(fc))lrfc<t<rfc + i +^r('r(n),C(n.))lr„<t , (2.2) 
k=l 

for all t > 0, where X^ is VA4{¥) -measurable and X^ is VA4{¥, A j^, E'') -measurable 
for k = 1, . . . ,n. 

The proof of (i) is given in Pham [29] and is therefore omitted. The proof of (ii) is 
based on similar arguments. Hence, we postpone it to the appendix. 

Throughout the sequel, we will use the convention tq = 0, r„_|_i = +00, = and 
6n+i = +00 for any 6 G A„, and X'^(0(o) , e(o)) = X^ to simplify the notation. 

Remark 2.1. In the case where the studied process X depends on another parameter x 
evolving in a Borelian subset X of W, and if X is ■p(G) ^ B{X), then, decomposition (j2.ip 
is still true but where X'^ is V{¥)0B{Ak)(E)B{E'')^B{X)-m.easm:ahle. Indeed, it is obvious 
for the processes generating V{G) B{X) of the form Xt{oj,x) = Lt{uj)R{x), {t,oj,x) G 
X Q X X, where L is ■p(G)-measurable and R is i3(A:')-measurable. Then, the result is 
extended to any 'P{G) i3(A')-measurable process by the monotone class theorem. 
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We now introduce a density assumption on the random times and their associated 
marks by assuming that the distribution of (ti, . . . , r„, d, . . . , (n) is absolutely continuous 
with respect to the Lebesgue measure d9 de on B{An) ® B{E^). More precisely, we make 
the following assumption. 

(HD) There exists a positive 7-'(F) (8> B{An) (8) jB(£'")-measurable map 7 such that for any 
t > 0, 

P[(ti, . . . ,rn,Ci, ■ ■ • ,Cn) € dOdelTt] = jtiOi, ...,9n,ei,.. .,en)d9i . ..d9ndei ...dcn ■ 



We then introduce some notation. Define the process 7'^ by 

7O = F[n>t\Tt] = I le,>M9,e)d9de , 

and the map 7*^ a 'P(F) B{Af^) ® ^(i^'^)-measurable process, /c = 1, . . . , n — 1, by 

-tt{9i,...,9k,ei,...,ek) 
= / '^e^+i>at{9i,...,9n,ei...,en)d9k+i...d9ndek+i...den . 

We shall use the natural convention 7" = 7. We obtain that under (HD), the random 
measure /i admits a compensator absolutely continuous w.r.t. the Lebesgue measure. The 
intensity A is given by the following proposition. 

Proposition 2.1. Under (HD), the random measure fi admits a compensator for the fil- 
tration G given by Xt{e)dedt, where the intensity A is defined by 

n 

At(e) = ^ Ai^(e,r(fc_i),C(fc-i))lrfc_i<t<rfe , (2.3) 

k=l 

with 

\k/ n \ 7t'(^'(fc-i)>*>e(fe_i),e) ^ 

-^t le,y(fc_i),e(fc_i)j — — k~im T' l'^(fc-i)>*;e(fc_i),ej G Zife_i X M+ X . 

It (t^(fc-i),e(fc_i)) 

The proof of Proposition 12 . 1 1 is based on similar arguments to those of [13]. We therefore 
postpone it to the appendix. 

We add an assumption on the intensity A which will be used in existence and uniqueness 
results for quadratic BSDEs as well as for the utility maximization problem: 

(HBI) The process ^ J Xt{e)de^ is bounded on [0, 00) . 

We now consider one dimensional BSDEs driven by W and the random measure /i. To 
define solutions, we need to introduce the following spaces, where a,b £ M+ with a < b, 
and T < 00 is the terminal time: 
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S^[a,b] (resp. S^[a,b]) is the set of M- valued VM{G) (resp. P7W(F))-measurable 
processes (Yt)t^[a,b] essentially bounded: 

Il^ll5°°[a,fe] •= esssuplFfl < oo . 

te[a,b] 

L^[a, 6] (resp. L|[a,6]) is the set of M'^-valued 'P(G) (resp. 'P(F))-measurable pro- 
cesses {Zt)t£[a,b] such that 

\\Z\\L^[a,b] ■= (e j \Zt\^dty < oo . 

L?'{lJi) is the set of M- valued V{G) (gi ;B(-E)-measurable processes U such that 



T 

Us{e)\'^ fi{de, ds) 



L Jo Je 



1 

2 

< OO . 



We then consider BSDEs of the form: find a triple {Y, Z, U) e 5^[0, T] x L|[0, T] x L2(^f) 
such thalU 

Yt = e+ r f{s,Y„Zs,Us)ds- r ZsdWs- I I Usie)fi{de,ds), 0<t<T, (2.4) 
Jt Jt Jt Je 

where 

- ^ is a ^r-measurable random variable of the form: 

n 

^ = E^'(^W'Cw)l-.<^<-.+i' (2.5) 

A;=0 

with is Jr-measurable and is J-t ^ -S(Afc) ,S(i?^)-measurable for each k = 
1, . . . ,n, 

- / is map from [0, T] x J] x R x R*^ x Bor{E,R) to M which is a V{G) (g) B{R) 
;B(M"') ® fi(Sor(£;,M))-;B(M)-measurable map. Here, Bor{E,R) is the set of borelian 
functions from E to M, and B{Bor(E,M)) is the borelian fi-algebra on Bor(E,M) for 
the pointwise convergence topology. 



To ensure that BSDE (j2.4p is well posed, we have to check that the stochastic integral w.r.t. 
W is well defined on [0, T] in our context. 



Proposition 2.2. Under (HD), for any process Z G L^[0,T], the stochastic integral 
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jT ZgdWs is well defined. 



Proof. Consider the initial progressive enlargement H of the filtration G. We recall that 
H = i'Ht)t>o is given by 

Tit = /"t V a(ri, . . . ,T„,Ci, . . . ,Cn) , t>0. 



^The symbol stands for the integral on the interval {s,t] for all s,t € 
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We prove that the stochastic integral ZgdWg is well defined for all P(EI)-measurable 
process Z such that E \Zs\'^ds < oo. Fix such a process Z. 

From Theorem 2.1 in [16], we obtain that W is an H-semimartingale of the form 



Jo 



where a is V{¥) C5S(A,„) ® ^(ii^"')-measurable. Since M is a H-local continuous martingale 
with quadratic variation (M, M)t = {W, W)t = t for t > 0, we get from Levy's characteri- 
zation of Brownian motion (see e.g. Theorem 39 in [30]) that M is a H— Brownian motion. 
Therefore the stochastic integral ZgdMg is well defined and we now concentrate on the 
term Zsas{T(^n),C{n))ds. 

From Lemma 1.8 in [16] the process 7(0, e) is an F-martingale. Since F is the filtration 
generated by W we get from the representation theorem of Brownian martingales that 

7t{0,e) = jo{0,e)+ [\s{9,e)dWs, t>0. 

Jo 

Still using Theorem 2.1 in [16] and since j{9,e) is continuous, we have 

{-f{6,e),W)t = [ -fs{e,e)as{9,e)ds , t>0 
Jo 

for all {9, e) G A„ x E^. Therefore we get 

Ts{9,e) = js{9,e)as{9,e) , s>l 

for all {9,e) € A„ x E"". Since ^{9,e) is an F-martingale, we obtain (see e.g. Theorem 62 
Chapter 8 in [U]) that 



T 



a.s. 



\-fs{9,e)as{9,e)\'^ds < +00, 

for all ((9, e) G A„ X E"". Consider the set A e Tt fS) B{An) <E> B{E'') defined by 

A := |(a;,0,e) G X A„ X : |7,(0, e)a,(0, e)pds = +00 , } . 

Then, we have P(0) = 0, where 

Q = {ueO. : {uj,t{uj),C{uj)) £ A} . 
Indeed, we have from the density assumption (HD) 



(2.6) 



E 



E 



E 



E 



lA{io,9,e)-fT{9,e) 



From the definition of A and (12.61) , we have 



dOde . 



(2.7) 



lA(.,e,e)7T(^,e) 



a.s. 
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for all {9, e) e An X E^. Therefore, we get from ()2.7p . F{0,) = or equivalently 
f-T ^ 

/ \-fs{Tl, . . . ,Tn,Cl, ■ ■ ■ ,Cn)as{Tl, . . . ,Tn,Cl, . . . ,Cn)\ ds < +00 , F - U.S. (2.8) 

Jo 

From Corollary 1.11 we have 7t(ri, . . . , t„, Ci, • • • , Cn) > for all t > P-a.s. Since 
7, (ti, . . . , Tn, Ci, • • • , Cn) is continuous we obtain 

inf 7,(ri,...,T„,Ci,...,Cn) > 0, P-a.s. (2.9) 

se[o,T] 

Combining ([23]) and (g^]), we get 



f 2 
/ \as{Ti, . . . ,Tn,Cl, ■ ■ ■ Xn)\ ds < +00 , 

Jo 

Since Z satisfies ^ Jq \Zs\'^ds < oo, we obtain that 

/ \Zsas{Ti, . . . ,Tn,Cl, ■ ■ ■ ,Cn)\ds < +00, 
^0 



a.s. 



a.s. 



Therefore ZgUsiTi, . . . , r^, Ci; • • • ; Cn)ds is well defined. □ 

3 Existence of a solution 

In this section, we use the decompositions given by Lemma [2. II to solve BSDEs with a finite 
number of jumps. We use a similar approach to Ankirchner et al. [T]: one can explicitly 
construct a solution by combining solutions of an associated recursive system of Brownian 
BSDEs. But contrary to them, we suppose that there exist n random times and n random 
marks. Our assumptions on the driver are also weaker. Through a simple example we first 
show how our method to construct solutions to BSDEs with jumps works. We then give 
a general existence theorem which links the studied BSDEs with jumps with a system of 
recursive Brownian BSDEs. We finally illustrate our general result with concrete examples. 

3.1 An introductory example 

We begin by giving a simple example to illustrate the used method. We consider the 
following equation involving only a single jump time r and a single mark C, valued in 
i? = {0,l}: 

{ Yt = clT<. + /i(r,C)lT>r , . 

\ -dYt = f{Ut)dt - UtdHt , < t < T , ^ ■ ^ 

where Ht = {Ht{0), Ht{l)) with Ht{i) = ^T<tx=i t > and i ^ E. Here c is a real 
constant, and / and h are deterministic functions. To solve BSDE p.ip . we first solve a 
recursive system of BSDEs: 

Y^{e,e) = h{e,e) + f{0,0){T -t) , 9AT<t<T, 

= c + ^^/(y/(s,o)-y°,F,i(s,i)-yO)ds, o<t<r. 
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Suppose that the recursive system of BSDEs admits for any {9, e) € [0, T] x {0, 1} a couple 
of solution Y^{9, e) and 1"*^. Define the process (Y, U) by 

and 

Ut{i) = iYt\t,i) - Y^)\t<r , t G [0,r] , i = 0,1 . 
We then prove that the process (Y, U) is solution of BSDE (|3.ip . By Ito's formula, we have 

dYt = d(YtHt<r + Yt\T,Olt>r) 

= (i(yi°(l - Ht{0) - Ht{l)) + ^* h{s,Q)dHs{Q) 

+ 1^ h{s, l)dHs{l) + {Ht{0) + Ht{l))f{0, 0)(T - t)) . 

This can be written 

dYt = -[(1 - HtiO) - Htil))f{Y,Ht,0) - Yl^Xit, 1) - yl') + {Ht{0) + i^t(l))/(0, 0)] 
+ [h{t,0) + (T - t)/(0,0) - ri>ift(0) + [h{t, 1) + (T - t)/(0,0) - Yt^Htil) . 

Prom the definition of C/, we get 

dYt = -f{Ut)dt + UtdHt . 

We also have Yt = c1t<t + h{T, ()1t>t, which shows that {Y, U) is solution of BSDE (j3.ip . 

3.2 The existence theorem 

To prove the existence of a solution to BSDE (|2.4p . we introduce the decomposition of the 
coefficients ^ and / as given by (j2.5p and Lemma l2.1[ 

From Lemma |2. II (i) and Remark 12. H we get the following decomposition for / 

n 

f{t,y,z,u) = ^f''{t,y,z,u,T^k),C(k))'^Tk<t<Tk+i , (3-2) 

fc=0 

where /" is V{¥) B{R) B{R'^) (g) 0(5or ]R))-measurable and f is ^(F) ® B{R) (g) 
BiW^) (g) B{Bor{E, R)) (g) B{Ak) S(^^)-measurable for each k = l,...,n. 

In the following theorem, we show how BSDEs driven by W and /i are related to a 
recursive system of Brownian BSDEs involving the coefficients and f^, k = 0, . . . ,n. 

Theorem 3.1. Assume that for all {9,e) G A„ x E"^, the Brownian BSDE 
Yt^{e,e) = CiO,e) + r[s,Yr{e,e),Z^ie,e),0,e,e)ds 

- Z^{e,e)dWs, enAT<t<T, (3.3) 
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admits a solution (y"((9, e), ^"(6*, e)) G S^iOn AT,T] x 1"^% A T,T], and that for each 
k = 0, . . . ,n — 1, the Brownian BSDE 



ys^\S{k),s,e^k),-) -Y,^{e(^k),e^k)),d{k),e(^k))ds (3.4) 
- j\^ie^k),e(^k))dWs , ekAT<t<T, 

admits a solution [Y^{e(^k),(i{k)), Z^{^(k),e(^k))) ^ S^[Ok /\T,T] x L|[6'fc A r,r]. Assume 
moreover that each (resp. Z^) is VM{¥) ® B{/^k) ® B{E^) -measurable (resp. P(F) (g) 
B{Ak) B{E^) -measurable). 
If all these solutions satisfy 



P^^\\y\0(k),e(k))\\s^ye,AT,T] 



< oo . 



(3.5) 



and 



E 



\z'A'ds + Y, 



'fc+1 



AT 



k = l 



.AT 



\Z^{9(k),e^k))rds]jT{9,e)d9d. 



< oo 



then, under (HD), BSDE ([23]) admits a solution {Y,Z,U) G 5^[0,r] x Ll[0,T] x L^{fi) 
given by 

y n 

Yt = y,OW, +J]y,'=(T(fc),C(fc))lr,<i<r,+, , 
k=l 

n 

Zt = Zflj<^, + ^Zf(r(fc),C{fc))lTfc<t<rfc+i , (3.6) 

k=l 
n-1 

Ut{.) = [/0(.)lt<,, +5^C//=(r(fc),C(fc),.)lr,<t<r,+i , 
k=l 

with C//'(T(fc),C(fc), •) = Y^''+^{^k),t,C{k),■) - Yt'{T{k),C{k)) for each /c = 0, . . . , n - 1. 

Proof. To alleviate notation, we shall often write and f^{t, y, z, u) instead of ^'^(0(fc), e(fc)) 

and /''(t,y,z,n,6'(fc),e(fc)), and Yl'{t,e) instead of yj''(6'(fc_i), t, e(fc_i), e). 

Step 1: We prove that for t G [0, T], (y, Z, U) defined by (|3.6p satisfies the equation 



Yt = c+ r f{s,Ys,zs,us)ds- r Zsdws- r / 

Jt Jt Jt Je 



Us{e)fi{de,ds) . (3.7) 



We make an induction on the number k of jumps in {t,T]. 
• Suppose that k = 0. We distinguish two cases. 

Case 1: there are n jumps before t. We then have Tn < t and from (|3.6p we get Yt = Y^". 
Using BSDE (|3.3p . we can see that 

Yt = e + r ns,Yr,z^,o)ds- r z^dWs. 
Jt Jt 
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Since t„ < T, we have C"' = C from (j2.5|) . In the same way, we have = Y^, Zs = Z"^ 
and Us = for all s £ {t,T] bom i^. Using ([321), we also get f"is,YJ', Z^,0) = 
f{s,Ys,Zs,Us) for all s G (i,?"]- Moreover, since the predictable processes Z1t-„<. and 
Z"1t-„<. are indistinguishable on {r„ < t}, we have from Theorem 12.23 of jl4j . ZgdWg = 
// on {t„ < t}. Hence, we get 

Yt = i+ I fis,Ys,Zs,Us)ds- [ ZsdWs- [ [ Usie)fiide,ds) , 
Jt Jt Jt Je 

on {in < t}. 

Case 2: there are i jumps before t with i < n hence Yt = Y^. Since there is no jump 
after t, we have = Y,\ Z, = Zl, Ui{.) = Y^,+\s, .) - F^, i = C and f{s,Y,\ Zl,Ui) = 
f{s,Ys,Zs,Us) for all s € {t,T], and J^Us{e)fi{de,ds) = 0. Since the predictable pro- 
cesses ZlT-i<.<T-,_^^ and Z*lT-j<.<T,+i are indistinguishable on {tj < t} n {T < Tj+i}, we have 
from Theorem 12.23 of [H], Z^dW^ = Z'JWs on {n < t} Ci {T < n+i}. Combining 
these equalities with (|3.4p . we get 

Yt = e+ / f{s,Ys,Zs,Us)ds- [ ZsdWs- [ [ Us{e)fiide,ds) , 
Jt Jt Jt Je 

on {n <t}n{T < Ti+i}. 

• Suppose equation (|3.7p holds true when there are k jumps in (t, T], and consider the case 
where there are k + 1 jumps in (t, T]. 

Denote by i the number of jumps in [0, t] hence Yt = Y^. Then, we have Zg = Zl, Ul{.) = 
y;+i(s,.) - Yi for all s e (t,Ti+i], and Y^ = Y,' and /(s,n,Z„[7,) = f{s,Y,\ Zi,Ui) for 
all s G (t, Tj+i). Using (|3.4p . we have 



Yt = Y^^^^+ f{s,Ys,Zs,Us)ds- j^^^*' ZidWs 

= Yi+\ + /(s, y„ Zs, Us)ds - Z%^<s<n^,dWs 



Ti+l 

t JE 



t Jt 

Us{e)fi{de, ds) . 



Since the predictable processes ZIt^^.kt^^^ and Z*lT-j<.<Ti+i are indistinguishable on {rj < 
t < Tj+i}n{Ti+fe+i <T < Ti+fe+2}, we get from Theorem 12.23 of [H], that Zllri<s<Ti+xdWs 
Zllri<,s<Ti+idWs. Therefore, we get 

Yt = Y^+l+ f{s,Ys,Zs,Us)ds- ZsdWs- [ Us{e)fi{de,ds) , (3.8) 

Jt Jt Jt Je 

on {Ti < t < Tj+i} n {Ti^k+i <T< Ti+k+2}- Using the induction assumption on (Ti+i,T], 
we have 

YrlAir) = + jj{s,Ys,Zs,Us)ds- j\dWs- £ jUs{e)fiide,ds)yAir) , 
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for all r G [0, T], where 

A = G X [0,r] : Ti+i{uj) < s < Ti+2(w) and n+k+ii^^) <T < Ti+fc+2(t^)} • 

Thus, the processes Y1a{.) and {c+ff{s, Ys, Z,, Us)ds-fZsdWs-J%Us{e)nide, ds)) 1a{- 
are indistinguishable since they are cad-lag modifications of the other. In particular they 
coincide at the stopping time Tj+i and we get from the definition of Y 



Y 



Ti + l 



Y 



i+l 

n+i 



e+ r f{s,Ys,Zs,Us)ds 



Z.dW., 



n+1 



T 



n+iJE 



Us{e)^i{de, ds) . 



(3.9) 



Combining (j3.8p and (|3.9p . we get ([3 



Step 2: Notice that the process Y (resp. Z, U) is VM{G) (resp. V{G), V{G) ® B{E))- 
measurable since each Y^ (resp. Z'') is VM{¥) ® B{Ak) (g> B{E^) (resp. V{¥) ® B{Ak) (g) 
S(£^*^))-measurable. 

Step 3: We now prove that the solution satisfies the integrability conditions. Suppose that 
the processes y^, /c = 0, . . . , n, satisfy ()3.5p . Define the constant M by 



M 



sup ||y''(^(fc),e(fc))|| 



(k,e,e) 



5°°[efcAT,r] ' 



and consider the set A e Tt S(A„ n [0, T]") (g) S(£;") defined by 
A := 



(tj,0,e) G 17 X (A„ n [0,T]") X : max sup \Y^''{e^k),e(k))\ < m] 

O<A:<»ite[0fe,T] 



Then, we have P(n) = 1, where 

= jo; G r2 : (w, r(tj), C(w)) G a| . 
Indeed, we have from the density assumption (HD) 



E 



E 



E 



T 



E 



'(A„n[o,T]")x£;" 
From the definition of M and A, we have 



lA'^{^^,0,e)jTid,e) 



dOde . 



(3.10) 



lA^(.,0,e)7T(0,e) = 0, P-a.s. , 

for all {9,e) G (A„ n [0,r]") x Therefore, we get from (f3lTO . P(f2^) = 0. Then, by 
definition of y, we have 



\Yt\ < \Y^\lt<.r,+Y.\YH^k)X[k))\t 



Tk<t 



k=l 
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a.s. 



(3.11) 



Since ¥(0,) = 1, we have 

|^t'(r(fc),C(fc))|lr,<t < M, 0<A;<n, 
Therefore, we get from (|3.11|) 

\Yt\ < (n + l)M, P-a.s. , 
for all t G [0, T]. Since Y is cad-lag, we get 

I|5^ll5-[0,T] < (n + l)M. 
In the same way, using (HD) and the tower property of conditional expectation, we get 



E 



E 



01 AT 



fc=i ■"'fe 



.AT 



\Z^{e^k),e^k))rds\^Tie,e)dede 



Thus, Z € L'^[0, T] since the processes Z'^, k = 0, . . . ,n, satisfy 



E 



A„xE^ ^ Jo 



9iAT 



k=l 



'k+l 



AT 



9 k AT 



\Z^{9^k),e^,))\'ds\jT{9,e)d9d. 



< oo . 



Finally, we check that U G L'^ip). Using (HD), we have 



\U 



|2 

\L^t^) 



E 



E 



Ytjrje^,),e^,))-Y,\rHOik-i),eik-i))\hT{e,e) 



dOde 



< 2Y,(\\Y\e^k),e 



{k))\\s°°[ekAT,T] 



AT,T] + 11^'' ^i^{k-l)^ *^{k-l))\\s°°[ek-iAT,T] 



k=l 
< OO . 



Hence, U G L'^ip)- 



□ 



Remark 3.1. From the construction of the solution of BSDE (j2.4p . the jump component 
U is bounded in the following sense 

sup||C/(e)||5ooro,Tl < • 

In particular, the random variable esssup^j g)g[Q j'jxE is bounded. 

3.3 Application to quadratic BSDEs with jumps 

We suppose that the random variable and the generator / satisfy the following conditions: 
(HEQl) The random variable is bounded: there exists a positive constant C such that 

1^1 < C, F-a.s. 
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(HEQ2) The generator / is quadratic in z: there exists a constant C such that 
|/(t,y,z,n)| < c(l + |y| + |z|2 + ^|n(e)|At(e)de) , 

for ah {t,y,z,u) € [0, T] x M x M"' x Bor{E,M.). 
(HEQ3) For any R> 0, there exists a function mcj^ such that lim^^o mcj^{e) = and 

\ft{y,z,{u{e) -y)eeE) - ft{y',z',{u{e) -y)eeE)\ < rnc^^ie) , 

for ah {t,y,y',z,z',u) G [0,r] x [M]^ x [M'^]^ x Bor{E,R) s.t. |?/|, |z|, \y'\, \z'\ < R 
and \y — y'\ + \z — z'\ < e. 

Proposition 3.1. Under (HD), (HBI), (HEQl), (HEQ2) and (HEQ3), BSDE admits 
a solution in 5^[0,r] x L|[0,r] x (/_(). 

Proof. Step 1. Since ^ is a bounded random variable, we can choose bounded for each 
A; = 0, . . . , n. Indeed, let C be a positive constant such that |^| < C, P — a.s., then, we have 

n 

i = y^g^(n, ■ ■ ■ ,Tfc,Cl, ■ ■ ■ ;Cfc)lrfc<T<Tfc+i , 
A:=0 

with i^{Ti, . . . , Tfc, Ci, . . . , Cfc) = . . . , Tfc, Ci, • • • , Cfc) A C) V (-C), for each /c = 0, . . . , n. 

Step 2. Since / is quadratic in z, it is possible to choose the functions f^, k = 0, . . . ,n, 
quadratic in z. Indeed, if C is a positive constant such that \f{t,y,z,u)\ < C(l + \y\ + 
+ \u{e)\Xt{e)de), for ah {t,y,z,u) G [0, T] x M x M'^ x Bor{E,R), ¥-a.s. and / has 
the following decomposition 

n 

f{t,y,z,u) = ^/''(t,y,2;,'u,r(fc),C(fc))lrfc<t<rfc+i , 

then, / satisfies the same decomposition with instead of where 
f''{t,y,z,u,9^f,),e{k)) = f^it,y, z,u,e(^k),e(k)) A (^c(l + \y\ + jz^ + \u{e)\Xtie)de^^ 

v( - C(l + \y\ + + |n(e)|At(e)de)) , 

for ah (t, y, ^, u) G [0, T] x M x M'^ x Bor{E, M) and (61, e) G A„ x 

Step 3. We now prove by a backward induction that there exists for each k = 0, . . . ,n — 1 
(resp. k = n), a solution (y'=,Z'=) to BSDE 1^ (resp. ([33])) s.t. is a P7W(F) (g) 
;B(Afc) (8);B(£^^)-measurable process and is a 7'(F) (8)j8(Afc) (8);B(£^^)-measurable process, 
and 

sup ||y'=(0(fc),e(fc))|l^^j^^^^^^j + |lZ'=(0(fc),e(fc))|1^2[e^^r,T] < 

(^(fe):e(fe))GAfcX_E;'= 
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• Choosing C'{0[n)^^(n)) bounded as in Step 1, we get from (HEQ3) and Proposition ID.2I 
and Theorem 2.3 of [23] the existence of a solution (y"(0(„), e(„)), e(„))) to BSDE 

(1231). 

We now check that we can choose (resp. Z") as a VM{¥) ® B{An) 
(resp. V{¥) (8);B(A„) (g) 0(£'"))-measurable process. Indeed, we know (see [23]) that we can 
construct the solution (V^, Z") as limit of solutions to Lipschitz BSDEs. From Proposition 
Ian we then get a V{¥) ® B(A„) (g) B(£;")-measurable solution as hmit of ^(F) ® B{An) ® 
0(£'")-measurable processes. Hence, (resp. Z") is a PX(F) (g) B(A„) (g) S(£;") (resp. 
^(F) (g) B{An) (g 0(^''))-measurable process. Applying Proposition 2.1 of [23] to (F", Z"), 
we get from (HEQl) and (HEQ2) 



sup jY''{0{n),e^n))\\sooig^;,T,T] + \\^''^^(^)^Hn))\\L^[e„AT,T] < °° 

9,6) ^ ^77, X E^^ 



• Fix k < n — 1 and suppose that the result holds true for k + 1: there exists {Y'^^^, Z^^^) 
such that 

sup {\\Y''^\<^{k+l)^^[k+l))\\s^ye,+,AT,T\ 

+ ||Z'^+i(0(fc+i),e(fc+i))||^2|g^^^^^^_^j} < oo. 

Then, using (HBI), there exists a constant C > such that 

(s, y, z, y.'^+H^Cfc), s, e(fc), .) - y), e(fc)) | < C(l + |y| + |z|2) . 

Choosing i^{0(^k)^^{k)) bounded as in Step 1, we get from (HEQ3) and Proposition ()D.2p 
and Theorem 2.3 of [23] the existence of a solution (y'^(6'(/j), e(fc)), Z*'(0(fc), e(fc))). 

As for k = n, we can choose (resp. Z^') as a PA^(F) S(Afc) (g B{E'') (resp. 
7'(F) (g fi(Afc) g) 5(S'=))-measurable process. 

Applying Proposition 2.1 of [23] to (y''(6'(fc), e(fc)), Z''(6'(fc), e(fc))), we get from (HEQl) 
and (HEQ2) 

sup JyHO(k),e(k))\\s^[g^AT,T] + \\^^(^(k)^Hk))\\LHe,AT,T] < ^■ 

(f(fe)>e(fe))6AfeX_B'= 

Step 4. From Step 3, we can apply Theorem 13. 1[ We then get the existence of a solution 
to BSDE (ga]). □ 

Remark 3.2. Our existence result is given for bounded terminal condition. It is based on 
the result of Kobylanski for quadratic Brownian BSDEs in |23j . We notice that existence 
results for quadratic BSDEs with unbounded terminal conditions have recently been proved 
in Briand and Hu [6] and Delbaen et al. [9]. These works provide existence results for solu- 
tions of Brownian quadratic BSDEs with exponentially integrable terminal conditions and 
generators and conclude that the solution Y satisfies an exponential integrability condition. 

Here, we cannot use these results in our approach. Indeed, consider the case of a single 
jump with the generator f{t, y, z, u) = jzp + The associated decomposed BSDE at rank 
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is given by 




te[o,T] . 



Then to apply the results from [6] or [9], we require that the process (5^/(s))sg[o,t] satisfies 
some exponential integrability condition. However, at rank 1, the decomposed BSDE is 
given by 

YtHo) = e{e)+ r \zl{e)\^ds- r zl{e)dWs, te[e,T], 0G[o,r], 
Jt Jt 

and since satisfies an exponential integrability condition by assumption we know that 
Y^(6) satisfies an exponential integrability condition for any 6 € [0, T], but we have no 
information about the process (^/(s))sg[o,t]- The difficulty here lies in understanding the 
behavior of the "sectioned" process {Yj^{9) : s = 6} and its study is left for further 
research. 

3.4 Application to the pricing of a European option in a market with a 
jump 

In this example, we assume that W is one dimensional {d = 1) and there is a single random 
time r representing the time of occurrence of a shock in the prices on the market. We 
denote by H the associated pure jump process: 

Ht = tr<t, 0<t<T. 

We consider a financial market which consists of 

— a non-risky asset S^, whose strictly positive price process is defined by 

dSf = nS^dt , < i < r , = 1 , 
with n > 0, for aU t G [0,r], 

- two risky assets with respective price processes and S'^ defined by 

dSl = Sl.{htdt + atdWt + PdHt), 0<t<T, = si , 

and 

dS^ = S^ikdt + atdWt), 0<t<T, Si = sl, 

with at > and at > 0, and /3 > — 1 (to ensure that the price process always 
remains strictly positive). 

We make the following assumption which ensures the existence of the processes S^, S^, and 



16 



(HB) The coefficients r, b, b, a, a, ^ and 4 are bounded: there exists a constant C s.t. 





1 




1 


+ \crt\ + \at\ + 




+ 













< C , <t <T , F-a.s. 



We assume that the coefficients r, 6, b, a and a have the following forms 

bt = bHt^r + bHT)lt>r , 
bt = bHt^r + b\T)lt>r, 
at = aHt<r + (THT)lt>r , 

^ at = aHt<r + ^\r)lt>r , 
for all t > 0. 

The aim of this subsection is to provide an explicit price for any bounded ^T-measurable 
European option ^ of the form 

C = eiT<r + e(.r)lr<T , 

where ^'^ is J^^^-measurable and is Tt ® yB(M)-measurable, together with a replicating 
strategy vr = (vr'^, vr^, vr^) (vr^ corresponds to the number of share of 5* held at time t). We 
assume that this market model is free of arbitrage oppotunitity (a necessary and sufficient 
condition to ensure it is e.g. given in Lemma 3.1.1 of [8]). 

The value of a contingent claim is then given by the initial amount of a replicating 
portfolio. Let vr = (vr'^, vr^, vr^) be a 'P(G)— measurable self-financing strategy. The wealth 
process Y associated with this strategy satisfies 



Yt = Tr^S'^ + TT^Sl + TrfSt, 0<t<T. 
Since vr is a self-financing strategy, we have 

(lYt = TT^dSf +TTldSl +TT^dS^ , 0<t<T. 

Combining this last equation with (|3.1'2|) . we get 

dYt = {rtYt + {bt-rt)7rlSj + {bt-rt)7T^S^)dt 

+ {nlatSl + 7T^atS^)dWt + Trj/3Sl- dHt , 0<t<T . 

Define the predictable processes Z and U by 

Zt = TT^atS^ + TTtatS^ and Ut = -kI^S]. , < t < T . 

Then, (j3.13p can be written under the form 

'rt-bt at{rt-bt)' 



(3.12) 



dYt 



nYt = — Zt 



Ut 



dt + ZtdWt + UtdHt 



t , 



(3.13) 



(3.14) 



0<t<T. 



17 



Therefore, the problem of valuing and hedging of the contingent claim ^ consists in solving 
the following BSDE 



-dYt 



-Zt+V- 



rt-bt o-tjrt-bt) 



Ut - nYt 



dt 



-ZtdWt-UtdHt , 0<t<T, 

yt = e- 

The recursive system of Brownian BSDEs associated with p.l5p is then given by 

'rlM^zlio) - r\e)Y,\6)] dt - zl{e)dWt , e<t<T, 
e{0), 



(3.15) 



-dYt\e) 



(3.16) 



and 



-dY,' 



YS 



13 ^ 



■ZtdWt , < t < T , 



°^^\YHt)-YO)-r%o 



dt 



(3.17) 



Proposition 3.2. Under (HD) and (HB), BSDE (f3l3D admits a solution in S^[^,T] x 
L^[0,r]xL2(^^). 

Proof. Using the same argument as in Step 1 of the proof of Proposition 13.11 we can 
assume w.l.o.g. that the coefficients of BSDEs (I3.16P and ()3.17p are bounded. Then, BSDE 
(I3.16P is a linear BSDE with bounded coefficients and a bounded terminal condition. From 
Theorem 2.3 in [23], we get the existence of a solution {Y^ {d) , {9)) in Sf[e, T] x L|[6', T] 
to (|3.16p for all € [0,T]. Moreover, from Proposition 2.1 in [23], we have 



sup \\Y^{0)\\s^\e,T] 



< oo . 



(3.18) 



Applying Proposition [Ol] with X = [0,r] and dp{e) = jo{e)de we can choose the solution 
(y^, Z'^) as a V{¥) (g) B{[0, T])— measurable process. 

Estimate (j3.18p gives that BSDE (|3.17p is also a linear BSDE with bounded coefficients. 
Applying Theorem 2.3 and Proposition 2.1 in [23] as previously, we get the existence of a 
solution (y°, Z°) in 5|°[0, T] x L|[0, T] to I^JT^. Applying Theorem[3ll we get the result. 

□ 

Since BSDEs (|3.16p and (j3.17p are linear, we have explicit formulae for the solutions. 
For Y^{9), we get: 

1 



E 



with T^{9) defined by 
For y^, we get : 



r^{e)-b^{e) 



E 



e°rO + / CsT'ids 



't-r\e)t 



0<t<T, 



<t<T. 
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with r" defined by 

r° = exp ( /" dsdWs - \ I \ds\^ds + [ asds) , 0<t<T, 
^ Jo ^ Jo Jo ^ 

where the parameters a, d and c are given by 

at = -r" 
dt 



(3 (3a^ 
J.0 _ 50 



The price at time t of the European option ^ is equal to if t < r and Y^-{t) if t > r. 
Once we know the processes Y and Z, a hedging strategy vr = (vr*^, vr-*^, vr^) is given by (|3.12p 
and (|3l^ . 

Under no free lunch assumption, all the hedging portfolios have the same value, which 
gives the uniqueness of the process Y. This leads to the uniqueness issue for the whole 
solution (y, Z, U). 

4 Uniqueness 

In this section, we provide a uniqueness result based on a comparison theorem. We first 
provide a general comparison theorem which allows to compare solutions to the studied 
BSDEs as soon as we can compare solutions to the associated system of recursive Brow- 
nian BSDEs. We then illustrate our general result with a concrete example in a convex 
framework. 

4.1 The general comparison theorem 

We consider two BSDEs with coefficients (/, ^) and (/, ^) such that 

- ^ (resp. ^) is a bounded ^y-measurable random variable of the form 



i = '^tiHk),C{k))'^Tk<T<Tk+i 
k=0 
n 

(resp. ^ = J^f''(r(fc),C{fc))lr,<T<rfe+i) , 

k=0 

where ^ (resp. is Tr-measurable and ^ (resp. i^) is Tt ® B{Ak) ® B{E^)- 
measurable for each k = 1, . . . , n, 

/ (resp. /) is map from [0, T] x x M x M*^ x Bor{E,M) to M which is a V{G) ^ 
S(M) ® B{W^) ® B(5or(S, M))-^(M)-measurable map. 
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We denote by {Y,Z,U) and {¥, Z, U) their respective solutions in S^[0, T] x [0, T] x 
L'^ifi). We consider the decomposition (>l'')o<fc<n (resp. (y^')o<fc<n, {Z!')o<k<n, {Z^)o<k<n-, 
ilL'^)o<k<nj (^^)o</c<n ) of F (resp. Y, Z_, Z, U_, U) given by Lemma I2.1[ For ease of 
notation, we shall write F_^{t, y, z) and -F'^(t, y, z) instead of f{t, y, z,Y_^'^^{T(^i^^,t, ■) — y) 
and /(t,?/,2:,y'j''+^(r(fc),i,C(fc), O-y) for each = 0, . . . , n- 1, and z) and F"-{t,y,z) 

instead of f{t, y, z, 0) and f{t, y, z, 0). 

We shall make, throughout the sequel, the standing assumption known as (H)-hypothesis: 



(HC) Any F-martingale remains a G-martingale. 



Remark 4.1. Since W is an F— Brownian motion, we get under (HC) that it remains a 
G— Brownian motion. Indeed, using (HC), we have that Vl^ is a G-local martingale with 
quadratic variation {W, W)t = t. Applying Levy's characterization of Brownian motion 
(see e.g. Theorem 39 in [30]), we obtain that W remains a G-Brownian motion. 

Definition 4.1. We say that a generator g : J7 x [0, T] x M x M'^ — > M satisfies a comparison 
theorem for Brownian BSDEs if for any bounded G-stopping times 1^2 > J^i, any generator 
g' : X [0, T] X R X R*^ — > R and any 'Measurable r.v. ( and (' such that g < g' and 
C < C (resp. £/>£/' and C > C')> we have Y <Y' (resp. y > y' ) on [ui,U2]- Here, {Y, Z) 
and {Y',Z') are solutions in 5^[0,r] x L|[0,T] to BSDEs with data ((,5) and (C',^'): 

Yt = C + / ff(s, y , Zs)ds - / ZsdWs , yi<t<U2, 
Jt Jt 

and 

y; = C'+ g'{sX,K)ds- Z'JWs, yi<t<v2. 
Jt Jt 

We can state the general comparison theorem. 

Theorem 4.1. Suppose that £, < P-a.s. Suppose moreover that for each k = 0, . . . ,n 

F''it,y,z) < F^{t,y,z), V(t, ?/, z) G [O, T] x R x R"^, P-a.s. , 

and the generators or F^ satisfy a comparison theorem for Brownian BSDEs. Then, if 
Ut = U_t ~ ^ f^''" ^ > "^n, we have under (HD) and (HC) 

Y_t < Yt , 0<t<T , F- a.s. 

Proof. The proof is performed in four steps. We first identify the BSDEs of which the terms 
appearing in the decomposition of Y and Y_ are solutions in the filtration G. We then modify 
y'^ and y'^ outside of [Tk,Tk+i) to get cad-lag processes for each k = 0, . . . ,n. We then 
compare the modified processes by killing their jumps. Finally, we retrieve a comparison 
for the initial processes since the modification has happened outside of [Tk,Tk+i) (where 
they coincide with Y and Y_). 
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Step 1. Since {Y,Z,U) (resp. (Yi,Z_,U_)) is solution to the BSDE with parameters {£,,/) 
(resp. /)), we obtain from the decomposition in the filtration F and Theorem 12.23 in 
[H] that (resp. is solution to 

Yr{T^n),Cin)) = e + ^^i^"(s,?."(T(„),C(n)),^r(T(„),C(n)))rfs 

-^'^Z,"(r(,),C(„)W , rnAT<t<T, (4.1) 

(resp. Y^ir^n), (in)) = i + ^^Z" (s,1::(T(„), C(n)),^"(T(„), C(n))) 

- j^"" Z^{rin),Cin))dWs , TnAT<t<T) (4.2) 



and {Y\Z^) (resp. iY'',Z'')) is solution to 

Yt'iTik)X{k)) = [^;^;|;,^(T(fc+i),C(fc+l)) - [/rfc+i(Cfc+l)]lTfc+i<r + ?lrfe+i>T 

F^l^s, Y^ (r(fc) , C(fc) ) , (r(fc) , C(fc) ) j 

r-Tfc+iAT 

C(fc))dW^s , Tfc A T < t < Tfc+i A T , (4.3) 



(resp. i:r(T(fc),C(fc)) = [i:^+\(r(fc+i),C{fc+i))-f/.,+i(a+i)]lr,+i<T 

/Tfc+iAT , . 
, (T(fc) , C{fc) ) , (r(fc) , C(fc) ) j ds 



^^(^(fc), C(fc))dW^s , Tfc A T < t < Tfc+i A r )(4.4) 



for each /c = 0, . . . , n — 1. 



Step 2. We introduce a family of processes (^ )o<fc<n (resp. {Y_ )o<k<n)- We define it 
recursively by 

= F,"(r(„),C(„))lt>.„ (resp. £r = i:r(^(n),C(n))lt>rJ, 0<t<T, 
and for /c = 0, . . . , n — 1 

(resp. = i:f'(r(,),C(fc))l.,<t<.,+,+£r'lt>.,+J, 0<t<r. 

These processes are cad-lag with jumps only at times ti, I = 1, . . . ,n. Notice also that y" 
(resp. y", f'', Y^) satisfies equation gl]) (resp. g^D, diiS]), ([OD). 

Step 3. We prove by a backward induction that £" < y" on [r„ A T, T] and y'^ < Y'^ on 
[rfc A T, Tfc+i A r), for each k = 0, . . . ,n — 1. 

• Since ^ < ^, FJ^ < -F" and -F" or satisfy a comparison theorem for Brownian 
BSDEs, we immediately get from (14. Ih and (14. 2j) 
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• Fix k < n — 1 and suppose that Y_f~^^ < yt^~^^ for t G [t^+i A T, A T). Denote 
by (resp. ) the predictable projection of (resp. y ) for / = 0, . . . , n. Since the 
random measure admits an intensity absolutely continuous w.r.t. the Lebesgue measure 
on [0,T], y' (resp. Y_ ) has inaccessible jumps (see Chapter IV of [10]). We then have 



PY,' = Yl_ (resp. = t^_) , 0<t<T. 

From equations (|4.3p and (|4.4p . and the definition of (resp. y'), we have for / = 

Zs {r(k) , Cik))dWs , TkAT<t<Tk+iAT . (4.5) 

(resp. = ^trtl^r,^.<T + i^r,^,>T + f^'^^^'^^ 

f-Tk + l/\T 

-J^ Z^s{rik),C(k))dWs , TkAT <t<Tk+iAT) (4.6) 



Since y^^+J > Y_l^^^, we get ^Y^^~^l > *'ZrJ+'i- This together with conditions on ^, ^, F'' 

and give the result. 

~ _ /j _ 

Step 4. Since y (resp. Y_ ) coincides with Y (resp. y) on [r^ A T, r^+i AT), we get the 

result. □ 

Remark 4.2. It is possible to obtain Theorem 4.1 under weaker assumptions than (HC). 
For instance, it is sufficient to assume that is a G-semimartingale fo the form 

W = M + asds , 



Jo 

with M a G-local martingale and a a G-adapted process satisfying 

rT 1 rT 



E 



exp(^-^ asdMs-^J^ |a,p(is) = 1. (4.7) 



Indeed, we first notice that (Mt)jg[Q is a G-Brownian motion since it is a continuous G- 
martingale with (M, M)t = t for t > 0. Then, from (|4.7p we can apply Girsanov Theorem 
and get that (I^t)t6[o,T] is a (Q, G)-Brownian motion where Q is the probability measure 
equivalent to P defined by 



a^dM^ / laJ'^ds ] . 



= exp _____ 
Qj. ^ Jo ^ Jo 



Therefore we can prove Theorem 14.11 under Q. Since Q is equivalent to P the conclusion 
remains true under P. 
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4.2 Uniqueness via comparison 

In this form, the previous theorem is not usable since the condition on the generators of 
the Brownian BSDEs is imphcit: it involves the solution of the previous Brownian BSDEs 
at each step. We give, throughout the sequel, an explicit example for which Theorem 14.11 
provides uniqueness. This example is based on a comparison theorem for quadratic BSDEs 
given by Briand and Hu [7j- We first introduce the following assumptions. 

(HUQl) The function f{t,y, .,u) is concave for ah (t,y,u) E [0,r] x M x Bor{E,R). 
(HUQ2) There exists a constant L s.t. 

\f{t,y,z,{u{e) -y)eeE) - f{t,y',z,{u{e) -y')eeE)\ < L\y-y'\ 
for all {t,y,y',z,u) G [0,T] x [R]^ x M'^ x Bor{E,R). 
(HUQ3) There exists a constant C > such that 

\fit,y,z,u)\ < C(l + \y\ + \z\^ + Jju{e)\Xt{e)dej 

for all {t,y,z,u) G [0, T] x M x M"^ x Bor{E,R). 
(HUQ4) f{t, .,u) = f{t, ., 0) for all u e Bor{E, R) and all t € (r„ A T, T]. 

Theorem 4.2. Under (HD), (HBI), (HC), (HUQl), (HUQ2), (HUQ3) and (HUQ4), 
BSDE (12.41) admits at most one solution. 



Proof. Let [Y, Z, U) and (F' , Z', U') be two solutions of in '^^[0, T] x [0, T] x L'^{^i). 
Define the process U (resp. U') by 

Ut{e) {resp. U[{e)) = Ut{e)\t<r^ {resp. U[{e)tt<r^) , {t,e) e [0,T] x E . 

Then, U = U and U' = U' in L'^{^jl). Therefore, from (HUQ4), {Y,Z,U) and {Y',Z',U') 
are also solutions to ([231) in 5^[0,r] x L^[0,T] x L'^{^JL). 

We now prove by a backward induction on/c = n, n — 1,...,1,0 that 

. Suppose that k = n. Then, {Yttr^<u ^tlr„<t, {Ut+Yt-)tr^_,<t<T„) and (y/lr„<i, ^tlr„<i, {U[+ 
yj_)lT-„_i<t<r„) are solution to 

Yt = i^r^<T+ f lrr.<sf{s,Ys,Zs,0)ds- [ Z^dW, - [ [ Us{e)fi{de,ds) , te[0,T]. 
Jt Jt Jt Je 

Using Remark 14.11 and Theorem 5 in (7], we obtain that the generator 1t-„<./ satisfies a 
comparison theorem in the sense of Definition 14.11 We can then apply Theorem 14.11 with 

F{t, y, z, u) = F{t, y, z, u) = y, z, 0) , (t, y, z, u) G [0, T] x M x M'^ x Bor{E, R) , 

and we get that Ylr„<, = Y'l^^^,. 
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• Suppose that Xlrfe_|_i<. = Y'\rk+i<.- We can then choose and Y'^ appearmg m the 
decomposition of the processes Y and Y' given by Lemma 12.11 (ii) such that 

y/(0(,),ey)) = F;^'(%),e(,)), 

for ah {6, e) G An x and j = k + 1, . . . ,n. Therefore, we get that {Ytlr^<t, Ztlrf,<t, {Ut + 
Yt-%<Tk)^Tk--,<t) and {Yltrk<t, Z[trk<t,{Ul + Yt-\t<Tk)^T,,_^<t) are solution to 

Yt = eir,<r+ / F{s,Ys,Zs)ds- [ ZsdWs - [ / C/«(e)/x(de,ds) , t e [0,T] , 
Jt Jt Jt Je 

where the generator F is defined by 

n-l 

F{t,y,z) = J2lr,<t<r,+,F''{t,y,z)+lr^^tF''{t,y,z) , 

j=k 



where 



F''{t,y,z) = f(^t,y,z,Y^^+^{T^i,),sX{k),-)-y,^k),C{k)) 



= fit,y,z,0) 

for all {t,y,z) G [0,T] x M x U.'^. Using Remark W7l\ and Theorem 5 in [7], we obtain that 
the generator F satisfies a comparison theorem in the sense of Definition 14.11 We can then 
apply Theorem 14.11 and we get that YlT-k<. = Y'lrk<.- 

• Finally the result holds true for all k = 0, . . . ,n which gives Y = Y'. 

• We now prove that Z = Z' and U = U' . Identifying the finite variation part and the 
unbounded variation part of Y we get Z = Z'. Then, identifying the pure jump part of Y we 
get U = U'. Since U = U (resp. U' = U' ) in L^{fi), we finally get {Y, Z, U) = {Y' , Z' , U'). 

□ 



5 Exponential utility maximization in a jump market model 

We consider a financial market model with a riskless bond assumed for simplicity equal to 
one, and a risky asset subjects to some counterparty risks. We suppose that the Brownian 
motion W is one dimensional {d = 1). The dynamic of the risky asset is affected by other 
firms, the counterparties, which may default at some random times, inducing consequently 
some jumps in the asset price. However, this asset still exists and can be traded after the 
default of the counterparties. We keep the notation of previous sections. 

Throughout the sequel, we suppose that (HD), (HBI) and (HC) are satisfied. We 
consider that the price process S evolves according to the equation 

St = So + (budu + a^dWu + Me)Kde, dn)) , < t < T . 

All processes b, a and /3 are assumed to be G-predictable. We introduce the following 
assumptions on the coefficients appearing in the dynamic of S: 
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(HSl) The processes b, a and (3 are uniformly bounded: there exists a constant C s.t. 

\bt\ + \(Jt\ + \He)\ < C, 0<t<r,eG^, ¥ - a.s. 

(HS2) There exists a positive constant such that 

crt>Ca, 0<t<T, F- a.s. 

(HS3) The process (3 satisfies: 

/3t(e) > -1 , 0<t<r, eeE, ¥ - a.s. 

(HS4) The process defined by = t € [0, T], is uniformly bounded: there exists a 
constant C such that 

Wt\ < C, 0<t<T, F-a.s. 

We notice that (HSl) allows the process S to be well defined and (HS3) ensures it to be 
positive. 

A self-financing trading strategy is determined by its initial capital x G M and the 
amount of money vrt invested in the stock, at time t € [0, T]. The wealth at time t associated 
with a strategy {x,ir) is 

Xf'^ = x + [ Trsbsds+ [ 7rsasdWs+ [ [ 7r,/3,(e)//((ie, ds) , 0<t<r. 
Jo Jo Jo Je 

We consider a contingent claim, that is a random payoff at time T described by a Qt- 
measurable random variable B. We suppose that B is bounded and satisfies 

n 

fc=o 

where B^ is J-r-measurable and B^ is J-T<X'^?(Afc)®iB(£''^)-measurable for each /c = 1, . . . , n. 
Then, we define 

V{x) = supE[-exp(-a(Xy'^ -S))] , (5.1) 

the maximal expected utility that we can achieve by starting at time with the initial 
capital X, using some admissible strategy it G A (which is defined throughout the sequel) 
on [0, T] and paying B at time T. a is a given positive constant which can be seen as a 
coefficient of absolute risk aversion. 

Finally, we introduce a compact subset C of M with € C, which represents an eventual 
constraint imposed to the trading strategies, that is, TTt{uj) S C. We then define the space 
A of admissible strategies. 
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Definition 5.1. The set A of admissible strategies consists of all M-valued P(G)-measurable 
processes vr = {TTt)o<t<T which satisfy E |7r(CJt pdt + E Jq \7rt(3t{e)\Xt{e)dedt < oo, and 
TTt C, dt ^ dF — a.e., as well as the uniform integrability of the family 

I exp ( — aX^''^^ : r stopping time valued in [0, T]| . 

We first notice that the compactness of C implies the integrability conditions imposed 
to the admissible strategies. 

Lemma 5.1. Any ViG) -measurable process vr valued in C satisfies vr E .4,. 

The proof is exactly the same as in |25j . We therefore omit it. 

In order to characterize the value function V{x) and an optimal strategy, we construct, 
as in [IS] and ^5], a family of stochastic processes {R^'^^)n£A with the following properties: 

(i) Ri^^ = -exp(-a(Xy'^ - B)) for all tt £ A, 

(ii) R^^ = Rq is constant for all tt £ A, 

(iii) R^'^^ is a supermartingale for all tt G ^ and there exists if G A such that R^'^^ is a 
martingale. 

Given processes owning these properties we can compare the expected utilities of the strate- 
gies TT £ A and TT £ Ahy 

E[-exp(-a(X^'^-S))] < Ro{x) = E[ - exp { - a{X^'^ - B))] = V{x) , 

whence vr is the desired optimal strategy. To construct this family, we set 

= - exp ( - aiXt'"" -Yt)) , 0<t<T , tt £A, 

where {Y, Z, U) is a solution of the BSDE 

Yt = B+ I f{s,Zs,Us)ds- [ ZsdWs- [ [ Us{e)fi{de,ds) , < t < T . (5.2) 
Jt Jt Jt Je 

We have to choose a function / for which R^'^^ is a supermartingale for all tt £ A, and 
there exists a tt £ A such that R^'^^ is a martingale. We assume that there exists a triple 
(y, Z, U) solving a BSDE with jumps of the form (|5.2p . with terminal condition B and with 
a driver / to be determined. We first apply Ito's formula to R^'^^ for any strategy vr: 



dii^"^ = R'^^J\[-a{f{t,ZuUt) + Tith) + ^{T^t(Jt- Ztfyt-a{T:t(Jt- Zt)dWt 



,2 



+ / (exp ( - a(7rt^t(e) - C/t(e))) - l)ii{de,dt) 
Je 

Thus, the process R^'^^ satisfies the following SDE: 



dRl""^ = RPdM^""^ + , < t < T , 
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dA 



with M^'^^ a local martingale and A^'^^ a finite variation continuous process given by 
dMf)= - a{TTtat - Zt)dWt + I {exp {- a{TTt/3tie) - Ut{e))) - l)fi{de,dt) , 

J E 

2 

( - Zu Ut) + TTtbt) + y (vr^fTj - Ztf 

+ ^ (exp ( - a(7rjA(e) - Ut{e))) - l)At(e)(ie)(ii . 

It follows that R^'^'^ has the multiplicative form 

i2W=i?We(MW),exp(4-)), 

where <S.{M^'^^) denotes the Doleans-Dade exponential of the local martingale M^'^\ Since 
exp(— a(7rt/3t(e) — Ut{e))) — 1 > —1, P — a.s., the Doleans-Dade exponential of the dis- 
continuous part of M^'^^ is a positive local martingale and hence, a supermartingale. The 
supermartingale condition in (iii) holds true, provided, for all vr € ^, the process exp(74('^)) 
is nondecreasing, this entails 

-a{f{t, Zt, Ut) + TTtbt) + —{TTtat - Zt)^ + / (exp ( - a(7rtA(e) - Ut{e))) - l)Xt{e)de > . 

^ Je 

This condition holds true, if we define / as follows 



f{t,z,u) 



inf|^ 
Tree I 2 



irat- [z + 



a 



+ 



exp{a{u{e) - vr/3j(e))) - 1 



a 



:(e)de} 



2a ' 

recall that i?t = bt/at for t € [0,T]. 

Theorem 5.1. Under (HD), (HBI), (HC), (HSl), (HS2), (HS3) and (HS4), the value 
function of the optimization problem i5.1]) is given by 

V{x) = - exp{-a{x - Yo)) , (5.3) 

where Yq is defined as the initial value of the unique solution {Y,Z,U) € 5q^[0,T] x 
Ll[0,T] X L2(/i) of the BSDE 

Yt = B+ I f{s,Zs,Us)ds- [ Z.dWs- [ [ Usie)fi{de,ds) , < t < T , (5.4) 
Jt Jt Jt Je 

with 



f{t,z,u) 



infl^ 

ttGC I 2 



-^tz 



Trat 



z + — 
a 



+ 



exp(a(u(e) - vr/3t(e))) - 1 



a 



:(e)de} 



2a ' 



for all {t,z,u) E [0,T] x M x Bor^EjM). There exists an optimal trading strategy fr A 
which satisfies 

exp{a{u{e) - 7r/3t(e))) - 1 



TTj E arg mm 

ttGC 



r a 
12 







Ta, - (^ + ^) 






JE 



a 



-Xt{e)de} , (5.5) 



for all t E [0,r]. 
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Proof. Step 1. We first prove the existence of a solution to BSDE (j5.4p . We first clieck 
the measur ability of the generator /. Notice that we have /(.,.,.,.) = infTrgc ^"{71, .) 
where F is defined by 



F{7r,t,y,z,u) 



irat- [z + 



a 



+ 



exp(a(ii(e) - vr/3t(e))) - 1 



a 



\t{e)de 



for ah {uj,t,Tr,y, z,u) G 17 x [0, T] xC xMxRx i3or(£', M). From Fatou's Lemma we have that 
u J^u{e)de is l.s.c. and hence measurable on Bor{E,R^) := {u € Bor{E,M.) : u{e) > 
, Ve € E}. Therefore ^(vr, ., ., ., .) is V{G) (g) B{R) (g> S(M) O 6 (5or (S, R))-measur able 
for all TT £ C. Since F{.,t,y,z,u) is continuous for all (t,y,z,u) we have /(.,.,.,.) = 
inf^gCnQ F{Tr, .,.,.,.), and / is V{G) (g) ^(M) (g> B{R) (g) B{Bor{E, M))-measurable. 

We now apply Theorem 13.11 Let a^, -d^ and (3^^ k = 0, . . . ,n, be the respective terms 
appearing in the decomposition of o", and (3 given by Lemma [2. II Using (HSl) and (HS4), 
we can assume w.l.o.g. that these terms are uniformly bounded. Then, in the decomposition 
of the generator /, we can choose the functions f^, k = 0, . . . ,n, as 



/»((,=, u,e,e) 



mf{f|..?(«.e)-(.+ 



a 



e ]z 



2a 



and 



f''{t,z,u,e^^k),e(k)) = inf {| ^o-t''(^'(fc),e(fc)) - + 



a 



exp{a{u{e') - TTpj^{e(^k),e(k),e'))) - 1 



a 



2a 



for A; = 0, . . . , n - 1 and {9, e) G A„ x E"". 

Notice also that since B is bounded, we can choose B'^, k = 0, . . . ,n, uniformly bounded. 
We now prove by backward induction on k that the BSDEs (we shall omit the dependence 
on {9,e)) 

= + r{s,Z2,0)ds - ZyWs , 9nAT <t<T , {k = n) (5.6) 



and 



Yt' = B^ + f\s,Z^,,Y^+\s,.)-Y^)ds 

- Z^dWs , 0fc A T < t < T , (A; = 0, . . . , n - 1) 



(5.7) 



admit a solution (y'=,Z'=) in S§P[9k AT,T] x L^lOk A T,T] such that Y'' (resp. Z'') is 
VM{¥) ® B{Ak) O B{E'') (resp. V{¥) ® B{Ak) <S) B{E''))-measurahle with 



sup \\Y''{9(^k),e(^k))\\s°°le^:AT,T] + \\Z''{9(^k),e{k))\\L2[et:/\T,T] < 00, 
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for all A; = 0, ... , n. 
• Since G C, we have 



-^^-^< nt,z,o)< -\z\' 



2a - ' ' ' ' ' - 2 

Therefore, we can apply Theorem 2.3 of [23], and we get that for any {0,e) G A„ x E"^, 
there exists a solution {^{9, e), Z"(6l, e)) to BSDE in 51° [6l„ A T, T] x L|[6l„ A T, T]. 
Moreover, this solution is constructed as a limit of Lipschitz BSDEs (see |23j). Using 
Proposition EH we get that (resp. Z") is VM{¥) ® S(A„) «) (resp. V{¥) 

;B(A„) (8);B(£;"))-measurable. 

Then, using Proposition 2.1 of [23], we get the existence of a constant K such that 

sup \\y''{0,e)\\s^[er^AT,T] + \\^''iG^e)\\L^[e„AT,T] < 
• Suppose that BSDE (|5.7p admits a solution at rank k + 1 { k < n — 1) with 

+ ||Z^+i(0(,+i),e(,+i))|l^,j^^^^^^^^,} < oo. (5.8) 

We denote the function defined by 

/(i,y,^,6'(fc),e(fc)) = /''(t,z,yj'=+^(6l(fc),t,e(fc), .) - y,6l(fc),e(fc)) , 

for all {t, y, z) G [0, T] x M x M and {9, e) G A„ x £^". Since has an exponential growth in 
the variable y in the neighborhood of — oo, we can not directly apply our previous results. 
We then prove via a comparison theorem that there exists a solution by introducing another 
BSDE which admits a solution and whose generator coincides with g in the domain where 
the solution lives. 

Let (ll''(6'(fc),e(fc)),Z'=(6l(fc),e(fc))) be the solution in S^[9k^T,T] x Ll[9k^T,T] to the 
linear BSDE 

llt(^(fc),e(fc)) = S*=(0(fc),e(fc)) + i{s,Y!;,z!;){9(^k),e{k))ds 



where 



/(t,y,z,^(fc),e(fc)) = -,?^(e(,),e(fc))z--'^'^^^')''('^^ 



2a 

for all {t, y, z) G [0, T] x M x M. Since and are uniformly bounded, we have 

sup ||Z''(^(fc),e(fc))|| < oo. (5.9) 

Then, define the generator g'' by 

9''{t,y,z,9(^k),e(k)) = /(*, y V y^X^Wi ^(fc)), 2;, 6'(fc), e(fc)) , 
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for all {t, y, z) € [0, T] x M x M and {9, e) € A„ x E'^. 

Moreover, since G C, we get from (jS.Sp and (j5.9p the existence of a positive constant 
C such that 

\g^it,y,z,9^k),e(k))\ < C{l + \z\^), 

for all {t,y,z) e [0,T] xR xR and (6',e) G A„ x We can then apply Theorem 2.3 of 
|23| . and we obtain that the BSDE 

Y,HOik),e^k)) = B\e^,ye^,^) + 1^ ~g'{sX',Z^)iOik),eik))ds 
- Z^{e^k),e^k))dWs , ekAT<t<T, 

admits a solution {Y''{9^k),eik)), Z>'{e(^k),e(k))) G A r,r] x L^ek A T,T]. Using 

Proposition 2.1 of [23], we get 

sup \\Y^i0{k),e(k))\\s°-[ekAT,T] < oo . 

Then, since > g^ and since g^ is Lipschitz continuous, we get from the comparison theo- 
rem for BSDEs that y'^ > y^. Hence, (F*^, Z'') is solution to BSDE Notice then that 
we can choose y'^' (resp. Z'^) as a VM{F) <^ B{Ak) (S) B{E'') (resp. V{¥) B{Ak) B{E''))- 
measurable process. Indeed, these processes are solutions to quadratic BSDEs and hence 
can be written as the limit of solutions to Lipschitz BSDEs (see [23]). Using Proposition lC.il 
with X = Afc X E'' and dp{6, e) = 7o(^, e)d6de we get that the solutions to Lipschitz BSDEs 
are 7'(F)®S(Afc)(g)^(£;'=) -measurable and hence Y'' (resp. Z'') is VMi¥)(S)B{Ak)<S)B{E'') 
(resp. V{¥) O B{Ak) ^(£;''))-measurable. 



Step 2. We now prove the uniqueness of a solution to BSDE (j5.4p . Let (Y^ , Z^ ,U^) and 
(y2, Z2, f/2) be two solutions of BSDE ^ in 5^[0,r] x Ll[0,T] x L^{n). 

Applying an exponential change of variable, we obtain that {Y^ , Z^ ,W) defined for 
i = l,2by 

y/ = exp(ay/), 
Zl = aYlZ\, 
Ulie) = y/:(exp(a[/;(e))-l) , 

for all t G [0,T], are solution in 5^[0,T] x L|[0,r] x L'^{fi) to the BSDE 

Yt = exp(aS)+/ f{s,Ys,Z„Us)ds- [ Z^dW^-f [ Usie)fiide,ds) , 
Jt Jt Jt Je 

where the generator / is defined by 

fit,y,z,u) = ini \^\7Tat\^y-aTrat{z + ^ty)+ \e~''''^^('\uie) + y) - y]Xtie)de} . 

ttgC I Z I J J 
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We then notice that 

• / satisfies (HUQl) since it is an infimum of hnear functions in the variable 

• / satisfies (HUQ2). Indeed, from the definition of / we have 

f{t,y,z,u{.) -y) - f{t,y',z,u{.) -y') > M \ {y - y'){'dt + ^'^o-t)airat] - {y - y') \t{e)de 

for all {t,z,u) S [0, T] x M x Bor{E,M) and y,y' G M. Since C is compact, we get from 
(HBI) the existence of a constant C such that 

f{t,y,z,u-y) - f{t,y',z,u-y') > -C\y-y'\. 

Inverting y and y' we get the result. 

• / satisfies (HUQ3). Indeed, since G C, we get from (HBI) the existence of a constant C 
such that 

f{t,y,z,u) < C(\y\ + j \u{e)\\t{e)dej , (t, y, z, u) G [0, T] x M x M x Sor(£;, R) . 
We get from (HBI), there exists a positive constant C s.t. 

f{t,y,z,u) > ml\—\TTat\'^y - anatiz + 'dty)\ 

+ inf I [ e-°^^*(")(u(e) + y)Xt{e)de] - C\y\ . 
Tree L Je J 

Then, from (HSl), (HS2) and the compactness of C, we get 

f{t,y,z,u) > -C(l + \y\ + \z\ + j |ti(e)|Ai(e)de) , {t,y, z,u) e [0,T] x R x R x Bor{E,R) 

• / satisfies (HUQ4) since at time t it is an integral of the variable u w.r.t. At, which 
vanishes on the interval (r^, oo). 

Since / satisfies (HUQl), (HUQ2), (HUQ3) and (HUQ4), we get from Theorem 
that (Y\Z\ij^) = {Y^,Z^,U^) in Sg'[0,T] x L2[0,T] x L'^{h). From the definition of 
{Y\Z\W) for i = 1,2, we get {Y\Z\U^) = {Y\Z\U^) in 5^[0,T] x L2,[0,T] x L\^). 

Step 3. We check that M^*) is a BMO-martingale. Since C is compact, (HSl) holds and U 
is bounded as the jump part of the bounded process Y , it suffices to prove that j'^ZsdWs 
is a BMO-martingale. 

Let M denote the upper bound of the uniformly bounded process Y . Applying Ito's 
formula to {Y — M)^, we obtain for any stopping time r <T 

r r'^ 

E 



^ = ^[{i - Mf\gr] - \Yr - M\^ 

j\Ys-M)f{s,Zs,Us)ds 



+2E 
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The definition of / yields 

-^tZt 



2a 



- [ Xt{e)de < f{t,Zt,Ut) , 



for all t G [0,r]. Therefore, since (HBI) and (HS4) hold, we get 



E 



Qr 



< C 1+E 



T 



\Zs + l\ds 



Gr 



< C + -E 



Qr 



Hence, Jq ZgdWs is a BMO-martingale for k = 0, . . . ,n. 

Step 4. It remains to show that R^'^^ is a supermartingale for any ir £ A. Since it £ A, the 
process is a positive local martingale, because it is the Doleans-Dade exponential 

of a local martingale whose the jumps are grower than —1. Hence, there exists a sequence 
of stopping times (5n)nGN satisfying lim„^oo = T, P — a.s., such that ^(M^'^)),^^^ is a 



positive martingale for each n G N. The process A^^^ is nondecreasing. Thus, i?!'^^ 



Ro^{M'''^'^)tA5„ exp(j4|^^^) is a supermartingale, i.e. for s < t 



For any set A Qg, we have 



in) 

tASn 



Qs] < R 



(TV) 

:A5n 



(5.10) 



On the other hand, since 

= _ exp ( - a{Xr - Yt)) , 

we use both the uniform integrability of (exp(— aX^''^)) where 6 runs over the set of all 
stopping times and the boundedness of Y to obtain the uniform integrability of 

{R^^^ : r stopping time valued in [0,T]}. 

Hence, the passage to the limit as n goes to oo in (jS.lOp is justified and it implies 

E[i?l")lA] <E[i2Wl^] . 

We obtain the supermartingale property of R^'^\ 

To complete the proof, we show that the strategy vr defined by (15. 5p is optimal. We first 
notice that from Lemma 15.11 we have tt £ A. By definition of vr, we have A^'^^ = and 
hence, i?f ^ = i?o£(M(*))j. Since C is compact, (HSl) holds and U is bounded as jump 
part of the bounded process Y, there exists a constant 5 > s.t. 



Applying Kazamaki criterion to the BMO martingale M^'^'^ (see j22j ) we obtain that 
is a true martingale. As a result, we get 

supE(i?f^) =Ro = V{x) . 

Using that iX,Z,U) is the unique solution of the BSDE (15. 4p . we obtain the expression 
(15.311 for the value function. □ 
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Remark 5.1. Concerning the existence and uniqueness of a solution to BSDE (|5.4p . we 
notice that the compactness assumption on C is only need for the uniqueness. Indeed, in the 
case where C is only a closed set, the generator of the BSDE still satisfies a quadratic growth 
condition which allows to apply Kobylanski existence result. However, for the uniqueness 
of the solution to BSDE (|5.4p . we need C to be compact to get Lipschitz continuous de- 
composed generators w.r.t. y. We notice that the existence result for a similar BSDE in 
the case of Poisson jumps is proved by Morlais in [25] and [26] without any compactness 
assumption on C. 



Appendix 

A Proof of Lemma 12.11 (ii) 

We prove the decomposition for the progressively measurable processes X of the form 

Xt = Jt+ [ Us{e)fi{de,ds) , t>0, 
Jo 

where J is 'P(G)-measurable and U is ■p(G)(X''B(i?)-measurable. To prove the decomposition 
()2.2p . it sufficies to prove it for the process J and the process V defined by 



Vt = [ Us{e)n{de,ds) , t > . 
Jo 



• Decomposition of the process J. 

Since J is 'P(G)-measurable, we can write 



Jt - ■/°lf<ri +y^-^f''(T(fc)iC(fc))lrfc<t<rfc+i , 
k=l 

for all t > 0, where J° is P(F)-measurable, and j'' is P(F) (g) B{Ak) S(£''')-measurable, 
for k = 1, . . . , n. This leads to the following decomposition of J: 

n 

Jt = JjltKri +y^,Jt(.T(k),C{k))'^Tk<t<Tk+i , 
k=l 

where 

Jt{^(k)^'^(k)) = Jt{^{k)^^{k)) + {Jt~^{(^{k-l)^^{k-l)) - Jti^{k)i'^{k)))^t=0k ) 

for = 1, . . . , n and (6'(fc), e(fc)) G x E''. Since j'' is V{¥) B{Ak) (8) ^(£;'')-measurable 
for ah A; = 0, . . . , n, we get that iJt)te[o,s] is J^s ^ 13{[0, s]) (g) ^(A^) (g) ;S(i?'^)-measurable for 
all s > 0. 
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• Decomposition of the process V. 

Since U is V{G) ^(i^)-measurable, we can write 

n 

Ut{.) = U?{.)tt<r,+Y.UHrik),Cik),-)tr,<t<r,^,, 

fc=l 

for all t > 0, where C/° is P(F) ®i3(£^)-measurable, and U'' is 'P{¥)(g)B{Ak)0B{E'')(g)B{E)- 
measurable, for k = 1, . . . ,n. This leads to the following decomposition of V: 

n 

k=l 

n k 

k=l j=l 

n 

= ^yt{T{k),C{k))'^Tk<t<Tk + l , 

k=l 

where is defined by = and 

k 

i=i 

for = 1, . . . , n. We now check that for all s > 0, (Vj''(.))tg[o,s] is J^s ® s\) ® B{Ak) <^ 
S(^'=)-measurable. Since W is 'P{¥)^B{Aj)(g)B{E^)-measuraUe, we get that (C/'/(.))t6[o,5] 
is Ts ® B{[0, s]) (g) B{Aj) (g) ;B(£;-'')-measurable. Therefore (t, 0{j),ei^j)) G [0, s] x Aj x i-^ 
e(j))le^<t is j;«''B([0, s])0,B(Aj)(gS(E^) for j = 0, . . . ,n. From the definition 
of we get that (V"/'(-))t6[o,.] is ® ^([0, s]) ® B{Ak) ^(£;^>measurable. □ 



B Proof of Proposition 12.11 

We first give a lemma which is a generalization of a proposition in [13j. Throughout the 
sequel, we denote 

^f'*'''(G')(%_i),e(i_i)) = / l0^>iE[G(6'(fc),e(fc))|j'f]d6'i...d6'fc(iei...defc , 

for any ® 'S(Afc) ® ;B(i?'^')-measurable function G and any integers i and A; such that 
1 <i<k <n. 

Lemma B.l. Fix t,s £ M+ such that t < s. Let X be a positive (g B{An) <8> B{E^)- 
measurahle function on Q x A„ x E"", then 



i=o ^f'*^^'"(7t)(T(i),C(i)) 
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Proof. Let H he a positive and ^^-measurable test random variable, which can be written 

n 

H = ^-ff*(r(i),C{j))lr,<t<r,+i , 



i=0 



where W is J^t (8)S(Aj) (8),S(i?*)-measurable for i = 0, . . . , n. Using the joint density 7t(0, e) 
of (r, C,), we have on the one hand 



E[l,,<i<.^^,i7X(T(„),C(„))] 



On the other hand, we have 



E 



'- i{o,t]'nA,x£;' 



E 



E 



E 



7F,i+l,n 



(X7^)(T(i),C(i)) 



+1 ^F,i+l,n 



7F,i+l,n 



lri<t<Ti+i-f^'(T(j),C(i))- 



(X7,)(r(i),C(i)) 



(7t)(T(»),C») 



/ 

j(o,t]'nAix£;» 



(X7,)(%),e(i)) 



F,j+l,n 



7i)(%)'e(i)) 



□ 



We now prove Proposition 12.11 To this end, we prove that for any nonnegative V{G) 
0(£')-measurable process U, any T > and any t G [0,T], we have 



E 



L Jt JE 



Us{e)fi{de, ds) 



E 



t JE 



U s{e)\s{e)deds 



(B.l) 



where A is defined by ()2.3p . 

We first study the left hand side of (IB.ip . From Lemma 12.11 and Remark 12.11 we can 
write 

n 

Ut{e) = Yl ^r,<t<r,+,Ut^{rik)X[k),e) , (t, e) e [0,T] x E , 

k=0 

where U is a V{G) ® B{Ak) O S(£;'=+i)-measurable process for k = 0, . . . , n. Moreover, 
since U is nonnegative, we can assume that U^, = 0, . . . , n, are nonnegative. Then, from 
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Lemma IB. 11 we have: 

cT 



E 



t JE 



Us{e)fi{de, ds) 

.F,j+l,n 



Qt 
1 



E [tt<r, <T<-' (r(fc_i) , C(fc) ) I Gt] 



k=l 



t<ek<TUg^ ^(6'(fc-i), e(fc))7T(6', e)) (r(i), e(i)) 



fc=l i=0 

n-1 



lt<efe+i<TC/e,_^i (^(fc) ' e(fc+i))7efe+i (6', e) J (r(i) , e(i) ) 



F,j+l,n 
t 



fc,i=0 
i<k 



n-1 



r-lf ,1+1, n ( \ t \ 

^F,^+i,fc+i <^[/|^^^ , e(,+i) )7,\+^^ , e(,+i) )) (r(,) , e 



fe,i=0 
i<k 



We now study the right hand side of (jB.ip : 



E 



T 

t JE 



n— 1 .j-^ 

Us{e)\s{e)deds Gi\=Y.^[ / ^ 
fc=o 



rfc<s<Tfc+i ^^s" ('^ (A:) > C(fc)) A^"^^ (e, T (fc) , C{k))deds 



2^ 2^ lT,<t<r,+i 



fc=0 1=0 
n-1 



F,j+l,n 



7*)( 



•^(i)>e(j); 



F,j+l,fc/ rT 



/i? lefc<sC^i'('9(fc), e(fc))Aj+^(e, 6'(fc), e(fc))7f'(6l(fc), e(fc))de'(is) (T(i), C(i) 



cF,j+l,n/ \/ \ 

■^t (7t)(T{i),e(i)) 



fc,i=0 
i<k 



/ , lri<t<Ti+i 



fc,i=0 



■'t 



where the last equahty comes from the definition of A'^. Hence, we get (jB.ip . 



C Measurability of solutions to BSDEs depending on a pa- 
rameter 

C.l Representation for Brownian martingale depending on a parameter 

We consider X a Borehan subset of and p a finite measure on B{X). Let {^(x) : x € X} 
be a family of random variables such that the map ^ : x — > M is J-y (8 'B(A')— measurable 
and satisfies J ■^W\^{x)'\^ p{dx) < oo. In the following result, we generalize the representa- 
tion property as a stochastic integral w.r.t. W of square-integrable random variables to the 
family {£,{x) : x G X}. The proof follows the same lines as for the classical Ito representa- 
tion Theorem which can be found e.g. in [27]. For the sake of completeness we sketch the 
proof. 
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Theorem C.l. There exists a V{¥)0B{X) -measurable map Z such that 'E\Zs{x)\'^dsp{dx) 
< oo and 



^{x) = E[e(x)]+ / Zs{x)dWs, ¥0p-a.e. (C.l) 
Jo 

As for the standard representation theorem, we first need a lemma which provides a 
dense subset of L'^{Tt (X) B{A!),F (g) p) generated by easy functions. 

Lemma C.l. Random variables of the form 

exp(^j\tix)dWt-^£\htix)\^dt) , (C.2) 

where h is a bounded B{[0,T]) ® B{X) — measurable map span a dense subset of L^{Tt 'S> 
B{X),¥(g)p). 

Sketch of the proof. Let A G L'^{J^t (S> B{X),F ^ p) orthogonal to all functions of the 
form ()C.2p . Then, in particular, we have 

G(Qi,...,Qn) = / E [A exp(ai W^t, + ••• + «„ VFt„)](i/9 = 0, 
Jx 

for all a„ S M and all ti, . . . , t„ G [0, T]. Since G is identically equal to zero on M"' 

and is analytical it is also identically equal to on C". We then have for any B{X)®B{W) — 
measurable function (f) such that (j){x, .) G C°°(]R") with compact support for all x £ X 



E[Y<Pix,Wt„...,WtJ]dp{x) = 

X 

/ (^(x,ai, . . . ,a„)E[Aexp(aiVFfi H V anWt^^dp[x)da\ . . .dan = 0, 

Jr"xX 

where (pix, .) is the Fourier transform of (p{x, .). Hence, A is equal to zero since it is 
orthogonal to a dense subset of L'^{J^x ^ ^i'^))- '-' 

Sketch of the proof of Theorem IC.ll First suppose that has the following form: 

= exp(^ ht{x)dWt-^j^ \ht{x)\^dt^ , 

with h a bounded ,S([0,r]) (g) measurable map. Then, applying Ito's formula to the 

process exp ( ht{x)dWt — | /q \ht{x)\'^dtj , we get that satisfies (jC.ip where the process 



Z is given by 

Zt{x) = /it(x)exp hs{x)dWs - |/is(x)pds) , {t,x) G [0,r] x ;f . 

Now for any ^ G L'^{Ft ® B{X),¥ ® p), there exists a sequence (C"')nGN such that each 
satisfies 



C{x) = E[C{x)]+ r Z2{x)dWs, 
Jo 



p — a.e. 
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and (C'^)neN converges to ^ in L'^{TT®I3{X),F^dt(S)p) ■ Then, using Ito's Isometry, we get 
that the sequence (Z")„gN is Cauchy and hence converges in L^('P(F) (g) I3{X),F (g) (g) 
to some Z. Using again the Ito Isometry, we get that (^")ngN converges to E[^(j;)] + 
Jq Zs{x)dWs in L'^i^T <8) B{X),¥0 p). Identifying the hmits, we get the result. □ 

Corollary C.l. Let M he a V{¥) (g) B{X) — measurable map such that {Mt{x))o<:t<T is 
a martingale for all x ^ X and J ■)^¥,\Mt{x)'\^ p{dx) < oo. Then, there exists a V{¥) (S> 
B{X) — measurable map Z such that J.^¥.\Zs{x)\'^p{dx)ds < oo and 

Mt{x) = Mo{x) + / Zs{x)dWs . 
Jo 

The proof is a direct consequence of Theorem lC.il as in [27j so we omit it. 



C.2 BSDEs depending on a parameter 

We now study the measurability of solutions to Brownian BSDEs whose data depend on 
the parameter x £ X. We consider 

- a family {(,{x) : x € X} of random variables such that the map ^ : Q x — >■ M is 

"X" B( A')— measurable and satisfies f-^K\(,{x)\'^ p{dx) < oo, 

- a family {/(., j;) : x € X} of random maps such that the map / : J7 x [0, T] x M x M'^ x 

Af ^ M is V(¥)0B{R)^B{R'^)®B{X)-measuvahle and satisfies Jq E|/(s, 0, 0, x)\'^p{dx)ds < 
oo. 

We then consider the BSDEs depending on the parameter x X: 

Yt{x) = [ f{s,Y,{x),Zsix),x)ds- [ Zsix)dWs, {t, x) e [0,T] x X . {C.3) 

Jt Jt 

Lemma C.2. Assume that the generator f does not depend on {y,z) i.e. f{t,y,z,x) = 
f{t,x). Then, BSDE (|C.3p admits a solution (Y, Z) such that Y and Z are V{¥) iS) 
B{X)— measurable. 

Proof. Consider the family of martingales {M{x) : x € X}, where M is defined by 

Mt{x) = e\^{x)+ [ f{s,x)dsTt\, {t,x) e[0,T] X X . 
L Jo J 

Then, from Corollary IC.H there exists a 'P(F) ® measurable map Z such that 

J^'E\Zs{x)\'^p{dx)ds < oo and 

Mt{x) = Mo(x) + / Zs{x)dWs , {t,x) e[0,T]xX . 
Jo 

We then easily check that the process Y defined by 

Yt{x) = Mt{x)- I f{s,x)ds, it,x)e[0,T]xX , 
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is V{¥) (g) S(A') -measurable and that {Y, Z) satisfies ([03]) . □ 

We now consider the case where the generator / is Lipschitz continuous: there exists a 
constant L such that 

\f{t,y,z,x)- f{t,y\z\x)\ < L{\y - y'\ + \z - z'\) , (C.4) 

for all {t,y,y',z,z') £ [0,T] x [R]^ x [M'^]2. 

Proposition C.l. Suppose that f satisfies ([ai]) . Then, BSDE ([03]) admits a V{¥) (g) 
B{X) — measurable solution {Y,Z) such that E. J-^{\Ys{x)\'^ + \Zs{x)\'^)p{dx)ds < oo. 

Proof. Consider the sequence {Y"', Z'^)n£n defined by (y'^,Z°) = (0,0) and for n > 1 
y,"+i(x) = + j^"^ fis,Yp{x),Z^{x))ds- j^^ Z^+\x)dWs, {t,x)€[0,T]xX . 

From Lemma IC.21 we get that (y",Z") is P(F) (g) ^(;f) -measurable for ah n G N. 
Moreover, since / satisfies (ICH) . the sequence (y", converges (up to a subse- 

quence) a.e. to {Y, Z) solution to (|C.3p (see [28]). Hence, the solution {Y, Z) is also 
P(F) (g)S(;f) -measurable. □ 

D A regularity result for the decomposition 

Proposition D.2. Let p > 1 and (/t(a;))(t,a;)G[o,r]xRp 'P(G) ^ B{W^) -measurable map. 
Suppose that ft{.) is locally uniformly continuous (uniformly inuj G Q). Then ff{.,0(^j^-^,e(^j^-^) 
is locally uniformly continuous (uniformly in co ^l) for Ok ^t and k = 0, . . . ,n. 

Proof. For sake of clarity, we prove the result without marks, but the argument easily 
extends to the case with marks. Fix k € {0, . . . , n} and for R > 0, denote by mc^ the 
modulus of continuity of / on B^p{0, R). Then for any 9^ > ■ ■ ■ > Oi > and /ii, . . . , /i„ > 
we have from the definition of mc]^ and (HD) 

1 



-E 



\ft{x) /t(a;')|lnf<fe{0f-h£.<Tf<0f<t<T,+i} 



hi---hk 

m4(g) ^ r dOi... r dOk^ j 7tiO)d9k+i . . . dOn) 



< 



dk-hk 



hi - ■ -hk Jdj^-hi 

for X, x' G B^p{0, R) s.t. \x — x'\ < e. Using the decomposition of / we have 

1 



hi---hk 



-E 



\ft{x) /t(^')|ln(,<fc{9f-hf<r,<9^<f<r^+i} 



^ d0i... r \ftHx,0ik))-ft{x',e^k))\([it{e,e)d9k+i...den)d9k. 

h JOk-h ' 



hi ■ ■ - hk Jo^ 
Sending each /i^ to zero we get 



□ 
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